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STRACT

Final Report - Investigation of
Fin ite Elements for Strongly Nonlinear Problems

This final report summarizes the results of an evaluation of two new plate and
shel l elements for use in large deflection nonlinear analysis. The elements
are of the “stability element” type, in which nonlinear strains are included in
calcul ations , wi th their values optimized by added membrane displacement func-
tions and special types of elemental level constraints. The report summarizes
the formulation and impl ementation of the elements, and di scusses numer ical
results in detail. Conclusions are drawn regarding the effectiveness of these
elements for solving highly nonlinear probl ems and also for solving certain
types of linear shel l structure problems . The crucia1 role of stepping!
Iterative solution procedures is discussed , and solu tion proce dures of improved
convergence are described . Finally nonlinear finite el ement alternatives are
discussed from the points of view of accuracy, computi ng cost, eleme nt s ize ,
discretization considerations , and sol ution convergence.
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1.0 INTRODUCTION AND SUMMARY

This report discusses the development and evaluation of two new finite elements
for nonlinear shel l analysis. The elements are of a new type called “stability
elements,” specifically adapted to handle linear shel l analysis , and nonlinear
effects in plates and shells due to large deflections. The original work on
these elements was under NASA-MSFC Contract NAS8-30626, monitored by Dr. John Key,
and accomplished theoretical development and a partial computer code develop-
ment. The present research is under AFOSR Contract F44620-76-C-0130, monitored
by Mr. William Wal ker and Lt. Col . Joseph Morgan. Under the present contract
the computer codes have been compl eted, critical evaluations made of the perform-
ance of the elements, and recommendations developed for further research.

The numerical performance of the stability elements has been very good, and It
- appears clear that they have a significant advantage over conventional elements

for solving nonlinear problems without resorting to very small elements . The
present research has defined modified and simpl i fied formulations for the
elements which should improve their performance still further. In addition ,
the numerical work has indicated that improved nonlinear solution procedures
should be used i n conjunction with the new elements, in order to achieve the
large step sizes which these elements can handle. Recommendations are made for
a combi nation of nonl i near, stability-type elements wi th nonlinear-step solution
procedures.

Computing costs wi th the new elements have been quite high. However, high
computing costs are generally acceptable in stepping solutions of highly non-
linear problems . It appears that with the use of conventional elements, in
smaller sizes, to achieve comparable accuracy, the costs would be higher still.
The use of the recommended nonlinear-step solution procedure, in conjunction

• with the stability elements, should decrease computing costs significantly

• through allowi ng larger step sizes.

This report describes the technical formulation of the stability elements and
outlines the overall computational procedures required for their use. Numerical
calculations are discussed for several probl ems in order to illustrate the

‘ I 
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elements ’ performance in critical areas. Solution procedure difficulties are
discussed , and a specia l, quasi-nonlinear solution procedure which was success-
ful in achieving convergence with relatively large step sizes is described.
Emphasis in the report is placed on the quadrilateral element , since the work
has indicated that it is the better of the two elements studied . There are
alternative approaches to the stability elements Which might be used to salve
highly nonlinear problems with varying degrees of success and cost. These are

briefly discussed in Section 2.6. Finally, conclusions and recommendations for
further research are discussed in Section 3.0.
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2.0 TECHNICAL DISCUSSION

This section discusses the conceptual basis, theoretical development, computer
code arrangement, compatible stepping solution procedures , and numerical per-
formance of the new stability elements . This comprises an overall description
of the element development from conception through the evaluations and exten-
sions accomplished on the present contract. This broad coverage will describe
the elements sufficiently that reference to earlier documentation for detail
should not be required . However, should details such as equations or more in-
depth discussions be required , the reader is referred to the original contract
document (Reference 1) submi tted to NASA-MSFC (NAS8-30626 , Volume II).

The evaluation of the numerical performance of the elements, Section 2.5,
Includes discussions of specific areas in which their formulation requires
improvement. These results are the basis of the recommendations made in
Section’ 3.0.

2.1 Description of Stability Elements

It has been found that conventional finite elements may suffer serious loss of
accuracy in appl i cation to large deflection problems which are strongly non-
linear. The particular difficulty of concern here occurs when the finite
element formulation specifically employs nonlinear strain-displacement equations
and thus may generate large strain l evels through nonlinear behavior. The
problem was originally discussed by Mallett in Reference 2, by Haftka, Mallett,
and Nachbar in Reference 3, and by Berke and Mallett in Reference 4. The work
in Reference 3 suggested a procedure for resolving the difficulty for beam
elements. The present work has extended this procedure to the two dimensional
case of plates and doubly curved shell s , and refers to the elements as I’IMN
elements, in recognition of the authors of Reference 3.

The basic difficulty occurs because the nonlinear strain-displacement equations
contain squares and products of the displacement gradients , in particular , the
bending slopes of the midsurface of the plate or shell. Since the bending
displacements of such elements conventionally are second , third , or higher
degree polynomials , the squares and products of their derivatives are of degree

3



two , three, four, or higher. The membrane strains therefore contain terms, due
to nonl inear behav ior, which are of a higher polynomial degree than those which
result from the derivatives of the membrane displacements themselves. These
higher degree polynomial forms also occur in shel l elements in linear analysis ,
due to the presence of initial curvature. The high degree membrane strains
induced by nonlinearity or initial curvature cannot be “erased” by the lower
degree element membrane displacement function derivatives. The result is
excessive strain energy, and hence stiffness , of the finite el ement representa-
tion. In contrast, in actual physical behavior , plate and shel l structures
behave in such a way as to minimize the participation of higher degree deforma-
tion forms , since such forms would excessively absorb strain energy and thus
would cause excessively high stiffness in structural behavior. The actual
physical action takes pl ace through small in-surface adjustments of the membrane
displacements, which naturally work to reduce the strain energy by elimin ating
unnecessarily complex strain states. The membrane displ acements which accom-
plish this are necessarily of a rapidly varying, i.e., high polynomial degree,
type. •

Stability Element Formulation 
•

The approach of Reference 3 was to introduce axial displacement forms for the
beam element through the 5th degree polynomial forms. This provided a quartic
axial strain which was used to “erase ” the quartic nonlinear axial strain
resulting from the square of the bending slope. The method employed to deter-
mine the amplitudes of the added axial displacement forms was minimization of
the potential energy on the el emental l evel . This corresponds to the physical

- • behavior by which the structure seeks a minimum energy state. The authors also
showed that the same result can be obtained by directly constraining the axial
strain to eliminate its high degree polynomial components.

The procedures of Reference 3 appear to be extendabl e to apply to plate and
shell elements. The basic approach is to start with an available el ement which
has been used for linear analysis , to add supplementary membrane (HMN) functions
to control the high degree nonlinear membrane strains , and to derive appropriate
constraint equations to effect this control . This was donç wi th the BCIZ and

. 1
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I
AZI (References 5, 6) el ements . Considerable additional compl exity occurs , for
several reasons: there are three membrane strains to control and two displace-
ment components to deal with , rather than the single axial strain and displace-
ment of the beam probl em; constraints on the added displ acement forms must
avoid creating inter-element i ncompatibilities ; the strain constraints must be
formulated in two dimensions , and the equations are difficult to deduce. The
overal l procedures required to deal wi th the plate and shell elements is
described in detail in Reference 1. Briefly, it is as described below. The
development is based on extensions of the triangular BCIZ (Reference 5) and
quadrilateral AZI (Reference 6) elements . Doubl e curvature and fully coupled
membrane and bending displacement states are included .

o Higher degree polynomial forms in the membrane strain equations , resul t-
ing from large defl ection-induced nonlinearities , and also from initial
curvature, for shel l elements , are determined. Thus , amplitudes , in terms
of nodal bending freedoms , of polynomial forms such as x2y, xy2 , x 3 , y3,
x 2y2, etc., are determined .

o Supplementary membrane displacement forms are deduced such that the added
forms are abl e to produce these same polynomial strain terms . The supple-
mentary membrane functions must form a complete set, in combination with
the basic membrane functions of the element. The high degree polynomial
strain terms must be produced as independent functions.

o A set of strain constraints is developed to reduce the polynomial degree
of the membrane strains to the same degree which they have in the basic
element formulation . The constraints must avoid inter-el ement incompati-
bility while providing as complete as possible a control over the high

• degree membrane strains . Dependencies among the strain constraint condi-
tions must be avoided ; this can be a troubl esome problem.

o Those suppl ementary (HMN) membrane functions which do not participate in
the above constraints , but which are present in order to keep a complete
set of functions , are reduced out by potential energy minimization at the
elemental level . The minimum energy constra int cannot be used for HMN

1 



I
functions at inter-el ement boundaries , because inter—element displacement
incompatibi lities would result.

In appl ications, the above has led to procedures in which the added displ ace-
ments include high degree forms defined independently along the sides of the
elements and in their interiors , and in which the constraints include both
explicit strain constraints and minimum potential energy constraints , al l on
the elemental level . When the added displacements are parallel to a particular
line (say, a side) in the el ement , the amplitudes of the added displacements
are completely fixed by the values of the bending displ acement along that line ,
with numerical values defined by the constraint equations. This is the case
‘for most of the HMN constraints used in the two elements , and assures inter-
element compatibility of displacements parallel to the sides of the elements.
For the triangular element , HMN functions normal to the sides of the elements
were found to cause inter-el ement incompatibilities , and hence were dropped
from consideration. In the numerical work to date wi th the quadrilatera l
element, suppl ementary membrane displacements normal to the sides of the ele-
ments have in some cases been used . These functions serve to eliminate high
degree nonlinear membrane shear strains. The element derivation contains
such normal-to-the-side displacements of cubic and quartic variations. It has
been reasoned (Reference 1) that the cubic form would produce unacceptable
inter-element incompatibility, and these functions are not retained. The
quartic form was felt to be acceptable , and is currently retained in calcula-
tions. The inter-el ement incompatibility associated with the quartic function
is nonzero but generally very small.

Figure 1 illustrates the manner in which the explicit strain constraints are
Imposed for the two elements ‘in the computer programs. For the triangle , the
extensional strain parallel to the three sides , designated by c 5 , is controlled
as a polynomial function of the side-length coordinate, s. This control is

through the 4th degree polynomial . For the quadrilateral , the extensional
strain parallel to the edges and the mid—line of the element , in both the x and

y directions , are controlled through the 2nd degree polynomial form. Thus , E
X

•is controlled along lines 1-3 , 8-4, 7-5, and C
y 

along lines 1-7, 2-6, and 3-5

in the figure , using, respectively, cubic functions for u and v. In addition ,

6 
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‘the shear strain is controlled for the cubic polynomial form along the four
sides of the element . This is accomplished through added displacements of
quartic form, normal to the sides of the elements, as discussed above.

All HMN constraints are formulated for the parent element of the isoparametric
family. . This is essential because the displacement functions are expressed in
terms of the parent element coordinates . It is essential to account for the
general isoparametric element in the HMN constraints . This is not conveniently
done through the normal Jacobian transformation of the isoparametric family,
since distinct polynomial forms, rather than numerical values at i ntegration
points , are required for the FIMN constraints . Consequently, it was necessary
to re-derive the HMN constraints , dealing at the outset with the general iso-
parametric element. This was done through the use of element side and mid-line
(see Figure 2) length scale factors and similar scale factors relating to

• differentiations .

Coordinate Systems and Updating

The appl ication of the HMN strain constraint procedure and the intended purposes
of the new elements have impl i cations regardi ng coordi nate systems and stepwise
updating . The elements are to. handle large rotation problems and are to avoid
cumulative error by computing total nonlinear strains rather than summing
increments. These requirements are best satisfied by using element coordinate
systems which follow the elements throughout the deformation. If a fixed
system, such as a fixed cartesian or fixed shel l surface intrinsic system were
used, and the stepwise calculation implemented by updating the element position
within this system, a probl em of role exchange between the element displ acement
forms would occur. In this role exchange, the displacement forms (e.g., cubics)
intended for the bending displ acements, and , say, directed along a l ocally
fixed z—axis , would after a large rotation be partly directed along material
lines lying in the plane of the deformed element. Conversely, the membrane
displacements along local ly fixed x and y axes would , after a large rotation ,
be partly directed along a material line normal to the deformed element. This
difficulty limits the allowabl e magnitudes of the rotations for elements with
distinctly different membrane and bending displacement forms, in formulations

II • • . 
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I
using fixed coordinate systems for displacement definitions . It suggests that
“fol lowing” coordinate systems with updating be used for nonlinear elements.

A second factor reinforces this conclusion in the case of the stability ele-
ment approach. The nonlinear strain equation for referred to locally
cartesian coordinates, is

~~~~~~~~~~~~~~~~~~~~~~~~

The term w,~ is important even for small rotations ; u,~ and v ,~ become
important terms for large rotations. As discussed earlier , the membrane
functions u and v contain high degree polynomial forms, to impl ement the
HMN methodology. If .the underlined terms in the above equations are retained ,
these high degree components of u and v will create undesirabl y high degree
poloynomials in c~ . This i s precisely the effect which the HMN procedure is
intended to avoid. Consequently, in formulating the HMN elements, it appears
to be necessary to limit the magnitudes of the rotations through the use of
coordinate systems which fol low the elements throughout the entire deformation
process, and correspondingly to omit terms in the strain displ acement equa-
tions of the type underlined above. A system of cartesian , updated , element
baseplane coordinate systems was developed for this purpose. The rotations
which occur during a gi ven load step are smal l , and after the step has been
computed , and the cartesian baseplane coordinate systems updated , the total
rotations of the material el ements relative to their updated coordinate sys-
tems remain small. Thus , total strains can be computed accurately with all
nonlinear terms of the types underl i ned above omitted from the membrane strain
equations. In use for finite element analysis with reasonably small elements ,
this approach guarantees that element material slopes will always be small
relative to the baseplane of reference. Hence, it is possible to use a shal-
low shel l type of deformation definition , wi th its attendant simplification of
formulation. This is a significant gain for the nonlinear elements under con-
sideration , since nonlinearities develop through accumulated element slopes
rather than through cumulative changes of the shell geometrical parameters,
referred to, say, a l ines-of-curvature coordinate system.

8’
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I
The baseplane following coordinate system procedure is Illustrated by Figure 2.
In this figure , coordi nate axes (x0, z0) are used to set up the equations for
the first load step, which termi nates wi th the element In the position
described by the updated axis system (x1 , 21). Similarly, load steps two and
three cause displacements to the positions described by the updated systems

• 
(x 2, 22) and (x3, z3), etc. In updating the coordinate systems in this way,
the total displacements of the element are transformed to the new axes, wi th
only the rigid motions removed. Used in conjunction with a Lagrangian strain
definition , this approach is best termed a “start-over-total-Lagrangian ”
approach , since total strains are repeatedly computed from new starting orien-
tations. The displ acement transformation is not a straightforward geometrical
transformation of displacement increments in the usual sense. Instead , it is
a special transformation based on the idea of computing total element displace-
ments, referenced to the updated coordinate system, measured between the
deformed element position and an undeformed element suitably mapped onto the
updated system. This procedure assures that total strains can be correctly
computed using the transformed displacements referred to any updated coordi-
nate system. Figure 3 illustrates the basis of the transformation for the
simple case of a beam element. An element is shown referred to an initial
coordinate system (x0, z0) and , after a deformation step, to an updated system
(x1, z1 ). The undeformed shape of the element is shown on both coordinate
systems; the element end points always lie on the x-axis. Displ acemen ts are
defined to be the vector differences between points on the deformed and
undeformed elements, referred to the particular coordinate system in question.
This definition suffices for the calculation of strain. The element in system
(x 0, z0) has accumulated displacements which , through prior transformations ,
are referred to thi s system. Thus, for a point P, the accumulated displace-
ments can be denoted by the vector notation

(u~~, ~~~ .

In which the subscripts denote both the reference system and the point P. The
Incremental displacements which occur during the present step are also referred
to the (x0, z0) system, and are

9 •



(~u0~ ~~~

The position vector of point P on the undeformed el ement in the (x0, z0) sys-
tern is denoted by .

(x0~ z~~)

Thus the point P after the current step has the position

(x0~~ z0~) + (u0~ w~~) + (au ,

Referred to the (x1, zi ) system, the position of point P on the undeformed
element is denoted by

(x 1~~ Zlp )

It is noted that the individual components satisfy x1~ = x0~, and z1~ 
=

since these values refer to the undeformed state. The total accumulated dis-
placements at the end of the step, referred to the (x1, 21) system are

(u~~, ~lp~ .

The definitions of these components are as shown on Figure 3. The position of
point P can now be given in both coordinate systems. Equating these necessarily
Identical vector quantities gives 

•

(x 0~ zc~,
) + (u0~1 w0~) + (~u0~ ~w~~) = ~~~+ (x1~~ Z lp ) + (u1~ 1 Wlp )

where Ris the translation of the origin. This equation is solved for (u.~~,
in component form, by employing the appropriate unit vectors of the two

coordinate systems and forming dot-products wi th both sides of the equation.
Differentation of the vector components u1~ and w1~ , wi th respect to the
updated baseplane coordinates, treated as material coordi nates, yields trans-
formed displacement derivative freedoms, if required, and also all of the
quantities required for calculation of the total nonlinear strains. A detailed.

• 10



I
set of equations of this transformation procedure is given in Reference 1. It
is seen that this system of treating displacements handles the element displace-
ment functions as displacements in the directions of the convected baseplane
coordinates. Each incremental displacement consists of element displacement
function increments referred to an updated element baseplane.

There is an equivalent alternative to the above approach for the direct calcu-
lation of purely nodal displ acements . This is to maintain cumulative nodal
displacement values referred to a fixed global coordinate system, and use
these values to transform back to the successively updated element systems.
Such a procedure i s a useful part of the solu tion procedure in any case,
because the global values are a convenient means of determining the orienta-
tions of the successive element baseplanes. However, this procedure does not
provide nodal displ acement derivative freedoms, which are needed for some types
of elements. Both methods are used , as appropriate , in the computer coding of
the two elements under study in this contract. The triangular element (based
on the BCIZ element , Reference 5) uses nodal derivative freedoms. For this
element, the above described transformation was found essential for transform-
ing the derivative freedoms. The quadrilatera l element (based on the AZ!
element, Reference 6) uses nodal displacements and nodal rotations as free-
doms. For this element , since rotations rather than derivative freedoms are
used , a different type of transformation was. required . This particular trans—
formation was developed during the checkout of the quadrilateral element , and
Is outlined below.

Figure 4 shows a portion of a deformed element of the AZI type, in which trans-
verse shear deformations are permitted . For simplicity a beam el ement is con-
sidered here. The displacement state of the element is referred to its succes-
sive baseplanes. The start-of-step baseplane is denoted here by the x0 axis,
and the end-of-step baseplane by the x1 axis. The displacement quantities for
the start— ‘and end-of-step states, for a point P on the midline of the element
and for the fiber PS, defined to be the original normal to the midline in the
undeformed state, are indicated in the figure. The subscripts refer to the
coordinate system to which the displ acements are referred. The transformation
described earlier in this section permits the calculation of w1 from the values

11
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w0~ + ~~~~ Here we are concerned with the determination of 0lp from the
values of and A procedure which immediately suggests itself to
make this determination is a simple subtraction of angles , includin g the angle

change between the successive baseplanes. This is not the procedure used ,
however. Instead , the method developed is based on representing the material
vector PS in the successive coordinate systems and deducing the needed angles
from its components. This method is convenient in the three dimensional case,

and also incorporates the effects of the rotations on the z-variation of the
bending displacement , w. This was found essential for accurate calculation
of nonlinear strains. The transform step is briefly described here, since it
is not considered in Reference 1. The method described here is used in the

computer code for the quadrilatera l element. A more exact procedure , which
would be required for larger single step displacements or for shel l el ements
joining non-tangentially, is described in Section 2.4. We assume as before
that al,l local and single step angles and strains are small compared to unity
and that 0 and sin 0 can be taken as equal . Then the vector P~ in the x0
system is given by

= IPS L . L 
~~~~ ~~~~~~~~~~~~~~~~

where IPS I is the original length of PS, subscripts x and y denote rotations

about the x0 and y0 axes , and the vectors~~~are unit vectors in the x0 system.
The assumption that the incremental angles of rotation are sufficiently small
to be added in any order is implicit in this equation. The third component
of the row vector retains the squared terms in order to included the effect

of foreshortening of the norma l due to its rotations . For simplicity we
abbreviate this equation as follows

PS = 
~PSI L e0J 

.

-. After the deformations of the current step,

: + = L e~ +

12
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IPSI  is unchanged because the condition of inextensible normals is imposed.
This condition , and its use i n determini ng the nonl inear transverse shear
strain , discussed later, are the reasons for retaining the two squared terms
in the z~ component, iJl_0

~py
_0
~px

The vector ~~~~+ 1x i s easi ly transformed to the x~ system by means of a
direction cosine matrIx of the cartesi an coordi nate transformation
Denoting this matrix by [x], there resul ts

= L e ~ + ~e J  . [)~J il = L j  .
~~~ ~

‘ }

The definition of [xi consistent with the above equation is

1”0l ”ll “Ol~~~~”l2

‘
~~~~~~~~~~~~~~~ I~~~~~~

2
~~~~~~~

Tl “O2 • ’
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in which the indicated operations are scalar products and the subscripts of
the unit vectors refer, respectively, to the coordinate system to which they
belong, and their particular component direction , in the order x, y, z. The
updated vectorl4 is thus given by

01 
= [x]T i 0~ + AO }

• and the needed values and 0lpx are obtained as the first component and
the negative of the second component of {el }. The matrix [x] is readily
obtained in the computer code from the product of the transformations between
the element baseplane coordi nate systems and the gl obal coordi nate system,
for the start-of-step and end-of-step conditions.

The bend ing displacements, w, are also transformed between the start-of-step
and end-of-step systems. The result of this transformation , in conjunction
With the known displacement shape functions of the element, permits calcula-
tion of the bending slope quantities 

~~ 
and ~~~ referred to the end-of-step
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system. In doing this , the original element dimensions and shape are used,
consistent with the approach of using material coordinates and obtaining a
nonlinear strain of the Lagrangian type. The element w-displacement functions
are considered to be convected to the updated baseplane coordinate system, in
order to determine the derivati ves w,

~ 
and w,,,. The end-of-step values of w,~,

w,~,, and the rotations, and ~~~ suffice to obtain the total nonlinear
transverse shear strain. Further details of this calculation are discussed
below.

Shell Strain-Displacement Equations

A final i tem will complete this description of the conceptual basis of the two
shell elements under study. It was noted earlier in this section that, to
obtain a workable theory for stepping out nonlinear solutions , it is preferable
to update the element baseplane in order to maintain a smal l angle relationship
between’ the element and its reference system. The resulting availability of
the updated baseplane strongly suggests the use of a shallow shell theory in
which the displacements and forces are referred to the cartesian baseplane
system rather than to the shell intrinsic curvilinear system. The simplifica-
tions obtained in this way are particularly helpful for nonlinear probl ems.
Consequently, it was decided to base the element development on a shallow shell
type of theory, using cartesian displacement definitions , wi th baseplane
updating to permit extension to the large deflection regime. Since shallow
shell theories do not as a rule use purely cartesian displacement definitions ,
It was necessary to derive a new set of equations , starting from basic princi-
ples . To do this , a tensor approach was used , and the strains were derived
from the changes of the metric tensor between the undeformed and the deformed
states. This is a superior approach , whi ch natural ly provides all of the
nonl inear effects of large displacements, without recourse to the more conven-
tional geometric-deductive procedures. The derivations for the triangular
(Kirchhoff-type) and quadrilational (transverse shear strain included ) elements
are given In Reference 1. Numerical work has pointed to a very important 

•

result of this overall procedure. The use of cartesian displacements , specifi-

cally the w-displacement , leads to a much different definition of the direct
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membrane strains than the conventional theory (both deep and shallow shells) in
which w is normal to the shell midsurface. Conventionally, the membrane strain
includes terms such as w/R, where R is a shell midsurface radius and w is
normal to the midsurface. This term is replaced , when cartesian di spl acements
are used , by terms li ke w,~ . ~~~ 

where w° is the initial w-shape of the shel l
element, referred to its baseplane , and the commas denote differentiation. For
a given w distribution over the element , these two terms provide very different
forms of contributions to the membrane strain. They are made equivalent by
differing forms of the membrane displacement , u , which contributes the term u e~
to the strain. It can be reasoned that , for conventi ona l strai n equations,
used in a finite element application , the membrane displacements are called
upon in part to supplement the bending displacement in order to achieve satis-
factorily strain-free rigid body motions of the elements. This generally
requires very competent membrane displacements , particularly for low energy
deformations such as i nextensional bending. For the cartesian-based strain
equations, rig id motions are automatically obtained , and the membrane displace-
ments are called upon to supplement the bending displacement in order to achieve
smoothly varying membrane strain states. In both cases , the use of membrane
displacements of higher polynomial degree than the bending displacements is
required for accurate solution of a wide class of shel l problems . All of the
above pertains to the case of linear analysis , and is governed primarily by the
effects of shei l curvature. For nonlinear analysis , a similar situation exists
except that the membrane functions must be sufficiently competent to handle
large rigid motions and changes in shel l geometry (curvatures, twist) in their
efforts to achieve stress-free rigid motions and smoothly varying strain states.
It is noted at this point that the HMN functions , which increase el ement mem-
brane displacement competence , are beneficial for linear and nonlinear analysis
with shell theories of either the conventional or the cartesian-based types.
Example problem #1 , Section 2.4, is a case in which the HMN functions are
crucial to an accurate problem solution in the linea r case.

In approaching the derivation of the shallow shell type of nonlinear strain
equations , cons ideration was given to the results of Reference 7, in which it
was shown that shallow and deep shel l theories can give very different results
for certain types of problems . It was decided that it is the absence of
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I
certain types of forces in the membrane, i.e., basepl ane, equilibrium equations
of conventional shallow shell theory which l eads’ to significant errors in
particular probl em solutions (Reference 7). The terms in question are the
products of the transverse shear forces with the shel l midsurface slope angles.
These products provide membrane-direction forces, resul ti ng from the transverse
shear forces. These are omitted in conventional shallow shell theory as a part
of the . basic assumption that the transverse shear forces are small. They.can
be either retained or omitted in the cartesian-based theory, depending on
retention of certain small terms in the strain-disp lacement equations. The
types of probl ems in which the error due to this omission can be large are
those in wh ich there is strong bend i ng combi ned with smal l membrane stress
levels, either over the whole shel l or in critical l ocal regions. It would
appear that nonlinear large deflection behavior would accentuate these errors,
for two reasons: large deflections are most likely to occur in strong bending

• rather than strong membrane deformation probl ems; the rotations of the large
deflection state will increase the importance of those force components which
are conventionally i gnored in the shallow shell theory. Consequently, shell
equations were derived which retain the simplifications of shallow shell theory
without omitting these particular terms in the equilibrium equations. The
terms which were retained in the strain-displacement equations are ‘in the
definitions of bending and twisting deformations , and involve products of
membrane displacement gradients and shel l curvatures and twist. Both initia l
and subsequent curvature and twist are involved , so that the added terms serve
to incorporate nonlinear ities into the bending and twisting moments. Details
of this derivation and the strain-displacement equations are given in Reference

• 1.

During the numerical evalua tions of the quadril ateral elemen t, it was found
that physically unexplainable large residua l lateral forces and transverse
shear strains occurred in nonlinear bending problems . The cause of this
behavior was traced to certain omitted nonlinear terms in the transverse shear

strains, as derived in Reference 1. The original derivation included the

products of the rotations with the membrane displacement gradients , but omitted

terms involving products of the bending slopes with the z-direction derivatives
of the bending displacements , i.e., the terms 

~~~~~ 
and w,~ .w ,,,. These terms

were omitted on the basis that all displacement z-derivatives were dropped in
L • .
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the original derivation , through direct use of the rotations of the normals ,
and 0y• However, it can be easil y shown that the retained nonlinear terms,

~~~~~~~~~~~~~~ and ~~~~ are in most probl ems very nearly cancelled by the
omitted terms, w,2~ w,x and w ,2 • w~y~ in the nonlinear strain equations for
the transverse shear strains. Thus , the omission of the latter terms resulted
in large non li near contrib uti ons to the transverse shear strains , producing
corresponding large residual shear forces. Coupling with the bending slopes
caused serious loss of accuracy and convergence difficulties in nonlinear
problems . When the omitted terms were included , the transverse shear strain
was reduced to reasonabl e values , and the difficulties with the residual loads
were eliminated .

To retain the effect of w,2 in an el ement which retains only the freedoms u, v,
w, e~, and is a somewhat difficult task. The value of w ,2 was constructed
from the condition of inextensional normals and the values of 0x and and
has the form, for small incremental rotations ,

Hence, the terms ~~~ w,~ and w ,~,,. w are cubic in the displacement magnitudes .
The basic strain formulation of the elements (Reference 1) is of the second
degree in the displacements , and does not readily permit including the cubic
terms. Consequently, the added nonlinear terms were included in the calcula-
tion of strains , stresses, and residual loads , but not in the formation of the
element stiffness matrices . This type of approximation may slow the conver-
gence of stepping/iterative calculations , but does not affect the accuracy of
converged sol utions. In future work it would be desirable to include the extra
terms at the stiffness matrix generation stage of the calculations .

2.2 Computational Procedures

This section outl ines the sequence of the computational procedures used for the
two shel l elements, with parti cular emphasis on those cal cula tions which are
unique to the stability elements and to the coordinate system updating used .
Details such as equations and matrix definitions are given in Reference 1.
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The purpose here is to describe the overall scheme and magnitude of the compu-
tational effort.

Coordinate Systems

Each element uses three principal coordinate systems: the baseplane system;
the “solution ” systems , which are cartesian nodal systems; and the global
system. These are illustrated by Figure 5. The solution systems are nodal
triads which are averages of the joining element baseplane systems. During
a single solution (load) step, a single solution system is used without
updating, for each node point of the structure. The solution systems are
updated at the outset of each solution step. Iterative corrections to the
equilibrium state are made within each solution step, based on residual loads
evaluated at each iteration. Each residual load evaluation utilizes an updated
element baseplane for the evaluation of the strains , stresses, and residuals.
That is , the displacements of the previous iteration are used to update the
element baseplane , the total deformation state is transformed to the updated
baseplane , and total n onlinear strains and stresses are thereby computed.
The virtual work integration , for the residual load evaluation , uses virtual
displacement increments which are likewise referred to the updated baseplane ,
and are increments from the total deformation state referred to that baseplane.
The repeated updating of the baseplane systems at each iteration is done to
assure an accurate calculation of the total Lagrangian strain , even though the
displacements and rotations of the step may be large. This is probably not
necessary for well-posed stepwise ‘l oadings , and may be a candidate for code

• simplification in the future. The final updated baseplane systems of a given
load step , i.e. , those corresponding to the converged solution for the step ,
are the start-of-step baseplane systems for the next load step. Figure 6
illustrates schematically the use of these coordinate systems in a two step
probl em. The figure also gives the names of the transformation matrices
between the coordinate systems, for later reference, and indicates thereby
which transformations require updating for new load steps and for iterations
within a single load step.

18
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For the triangular element only, one other transformation of a coordinate sys-
tem type is required. This transformation makes the transition between the
so—called “deformational” freedoms of the original derivation of this element
(Reference 5) and the baseplane-referenced freedoms which are used in the
transformations [ID] (see Figure 6). It is called “ISTAR.”

For the quadri lateral element only, the conventional isoparametric transfor-
mation is used to determine the strains of the general element from the shape
functions and derivative formulas of the parent element referenced to its
cartesian coordinate system. This transformation does not appear in Figure 6
because it occurs at an earlier stage of the calculations.

Stiffness Matrix Transformations

The sti ffness matrices of the elements are initially derived in the baseplane
coordinate system and include all freedoms of the element. For the quadri-
lateral , these total 58 freedoms, of which 40 are nodal freedoms which are
retained for the final problem solu tion, and 18 are HMN freedoms, of which
10 are eliminated by explicit strain constraints , 4 are deleted to avoid
probable inter-el ement incompatibilities , and 4 are eliminated by a minimum
energy constraint. All constraints are on the el emental level . For the
triangular el ement, there are a total of 51 freedoms, of which 27 are nodal
freedoms whi ch are retained for the final problem solution , and 24 are HMN
freedoms, of which 6 are eliminated by explicit strain constraints , 6 are
deleted to avoid verified inter-element incompatibilities , and 12 are elimi-
nated by a minimum energy constraint. All constraints are at the elemental
level. The stiffness matrix transformation sequences are shown on Figure 7
for the two elements. The designat~ons on the figure have the following
meanings:

HMN This Is the transformation which imposes explicit constraints on
the higher polynomial strain terms. It operates on the stiffness
matrix as a conventional generalized coordinate transformation of
the form CTKC.

F DELETE This is a simple removal of rows and columns to eliminate freedoms
whtch might cause inter-element incompatibilities .

~t . 19 .
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MPE — This is a conventional stationary potential energy reduction
performed on the elemental level .

TSTAR - This is a generalized coordinate transformation performed to
change from the BCIZ “deformational” freedoms to freedoms which

- 
have a consistent sign convention and permit rigid body motions
of elements .

TO — See Fi gure 6. This puts freedoms into the solution coordinate
systems.

MERGE - This is a conventional merge of elemental freedoms to obtain
structural equilibrium equations .

• .The stiffness matrix is formed at the outset of each load step, as indicated
on Figure 6. The solution proceeds with iterative corrections within the
step until either convergence is obtained or an input iteration limit is
reached . In the latter case , the stiffness matrix is reformed , and all trans-
formations performed again as indicated on Figure 7. The stiffness matrix
formation and transformation accounts for about 75% of the computational time
on the small probl ems studied to date .

Loads Transformations

The elements in their present form accept only nodal load inputs . These are
• input in the global system, and can be used directly in problem solutions

after a coordinate transformation using TCAP (see Figure 6). However, the
computation of the residua l loads for iteration is done with all of the
element freedoms, and the resulting load vector must be transformed and
merged through the same steps used for the stiffness matrix. Thus , Figure 7
applies also to the transformation of the elemental residual loads . It should
be noted that the elemental residual loads are computed with reference to the
most current updated element baseplane . Hence, the TD matrix used (Figure 7)
must be the most recent update of that matrix. The MPE transformation of the
loads is the conventional one which creates a partial load vector which is
saved, to be used later in the back-substitution solution of the displacements .
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The loads transformations are done for every iteration within the load step, in
contrast with the stiffness matrix calculations , which are done much lr~s
frequently.

Displacement Transformations

The incremental solution of a load step or an i teration is initially referred
to the solution coordinate systems (Figure 5, 6). A number of transformations
and other calculations are made on these incremental val ues, as shown by Figure
8. The figure shows the incremental solution , consisti ng of nodal displ acement
quantities and called 

~
1sol ution coords’ as the starting point of the data

reduction procedure. The calculations initially proceed along three separate
paths: (1) ICAP is used to transform the increment to global components and to
update the globa l coordinates , element baseplanes , and transformation matrices

- associated with the baseplanes ; (2) the incremental solution is transformed to
the start-of-step baseplane , using the old ID matrix , and then summed with the

• prior accumulated nodal displacements referred to this baseplane; the total
displ acements are transformed •by means of the RDOT matrix to obtain total nodal
displ acements referred to the updated baseplane; (3) the incremental nodal dis-
placements referred to the start-of-step baseplane are used in back-substitution
to obtain the minimum potential energy (MPE) incremental freedoms, act , which are
then summed to form the running total of these quantities . At this point the
calculation paths merge and the explicit strain constraints (HMN conditions) are
imposed , using total rather than incrementa ’ strains , and directly computing
total HMN freedom values . The results at this point include the accumulated
noda l di splacements ~~, referred to the updated baseplanes , and the total
accumulated MPE and total HMN freedoms , ~ and 8. These data suffice to compute
strain, stress, and residual loads . The loads are transformed as discussed
above, merged to form overall structural residuals, and tested for convergence.
If convergence has not been obtained , a new increment of nodal di splacements,
designated as 

~~~~sol ution coords’ 
is computed , using the same solution coordi-

nate system and stiffness matrix •as were determined at the start of the step.
If convergence has been obtained , the solution coordinate systems are updated ,
and new TCAP and new stiffness matrices are generated. In addition , a number
of data arrays are saved , as indicated on the figure. In some cases , if con-

J vergence is slow, the stiffness matrices are updated without obtaining

r 
‘ 
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convergence. In this case, since the residual loads remain referenced to the
old solution coordinate system, the latter, and TCAP , are not updated. Thi s
particular opti on amounts to a forced “yes” answer to the convergence test,
except that the TCAP is not updated. The advantage of updating the stiffness
matrix is due to properly accounting for the effect of element deformed shape
on element stiffness, and to accounting for element orientation (updated base-
plane) relative to the solution coordinate systems.

The HMN transformation, as used in stiffness matrix transformation , is derived
for use by incrementation. However, the actual calculation of the HMN free-
doms is a total rather than an incremental calculati ,n. Prior to the data
processing of Figure 8, HMN constraint matrices in terms of total rather than
incremental strains are formed, by simple changes in the earlier-generated
incremental matrices. Total HMN freedoms are then calculated , avoiding cumu-
lative error in these freedoms. For the quadrilateral only, the HMN matri ces
are also updated prior to this calculation , to account for the total bending
deformation accumulated to the current point of the iterative calculations.
The need for this updating is due to the fact that the quadrilateral basic
displacement shapes are only second degree forms. Hence, the basic membrane
strain states are linear , and cannot compensate for nonlinear effects due to
the simpl est, i.e., constant curvature and constant twist, lateral disp lace-
ments. The triangular element , on the other hand, having basic displacement
forms whi ch are cubi c, can at least partially compensate for nonlinear effects
due to the simplest bending deformations with its basic membrane strain states.
The updating of the HMN matrices was not necessary for the triangular element.

2:3 Solution Procedures

Solution procedure development has required a large amount of effort in the
present research , even though the primary aim of the work has been element

• 
evalua tion and improvement. The cause of this is in the nature of the resid-
ual loads. In elements of the types under study, in whi ch nonl inear strains
due to relatively large bending displacements are included during each solu-

• tion step, very large membrane stresses and membrane residual loads occur.

• In combination with the bending slopes , these residuals create residual
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-bending loads and moments which usually completely dominate the bending
behav ior of the structure. This behavior becomes more severe as the plate
or shel l becomes thinner , corresponding to the increasing ratio of the mem-
brane stiffness to the bending stiffness. In general , the bend ing residual
loads are in the proportion (&‘r)2 to the applied bending loads , where L~ is
the deflection magnitude and r is the section (or plate/shell) radius of
gyration. The bendi ng residual loads are distributed over the structure,
among the different elements, according to the local magnitudes of the slopes.
Hence, in performing a resid ual load iteration, the bending displacement
adjustment tends to be much larger than the initial displacement , and is
distributed quite differently over the structure. If the iterative adjust-
ment is accepted at its computed magnitude and distribution , generally a
grossly distorted deformation state and greatly increased residual load values
result. This type of behavior almost always causes divergence of the solution
procedure. This situation is in marked contrast to the behavior which occurs
in analysis approaches in which residual loads are either not computed , or
are computed by approximate methods which effectively omit the effects of the
nonlinear straining which occurs during the increment. In these approaches ,
the residual loads are smal l , and convergence is generally rapidly achieved. How-
ever, for strongly nonlinear problems , such approaches generally yield solu-
tions which diverge increasingly from the correct solution , as the magni tudes
of the nonlinearly-induced strains increase.

The simplest way of improving solution procedure behavior , in fully nonl inear
analysis, is to scale the magnitude of the iterative correction increment.

• Procedures often are coded with factors such as 0.5, for example, to be
applied to these increments . Though this may at times be successful , it is
an unsatisfactory method in two ways: the proper scale factor generally varies
widely during a complete problem solution; the method fails to address the
fact that the iterative increment is distributed incorrectly over the structure.
These two difficulties are the principal obstacles to achieving a rapidly con-

verging stepwise/iterative procedure for nonlinear analysis. It is required

to achieve “i ntelligent ,” programed procedures for controlling the size of the

iterative increment, and also for controllin g its “shape.” The concept of
“shape,” as used here, includes both the distribution of deformations over the

- 
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entire structure, and also differences i n deformation magnitudes between
different types of deformation , e.g., membrane as opposed to bending motions,
etc. The present research has developed primit ive , but effective, procedures
for dealing wi th these two difficulties , and has thereby achi eved convergence
in probl ems which , in earlier , conventional versions of the solution procedure,
were not solvable.

Subsequent paragraphs will describe the developed solution procedure. However,
it is worthwhile to digress at this point ‘in order to consider the implications
of this work with regard to stepwise-linear solution procedures in general . It
has been demonstrated by the solution procedure work of this research that both
magnitude and direction are incorrect in stepwise- linear solutions of nonlinear
problems . The errors begin with the initial application of load , and continue

• 
, 
through. all iterations and subsequent load steps. It has also been veri fied
that updating the stiffness matrix tends to alleviate these difficulties.
Clearly, the basic source of the error is in the stiffness matrix itself , both
as regards overall stiffness magnitude , and as regards stiffness coupl ing
effects between different deformation types, particu larly between membrane and
bending displacements. This total probl em would be solved by using a nonlinear
stiffness description of the structure , i.e., by .using a stepwise-nonlinear
approach for the sol ution of strongly nonlinear probl ems. Such an approach is
availabl e, and is descri bed in References 8 and 9. It is termed the “static
perturbation ” method , and achieves fully stepwise-nonl inear performance without
a great deal more computationa l effort than the conventional stepwise-linear
approaches. For many probl ems, the stepwise-nonl i near approach would . very
‘l ikely be less expensive as well as more reliabl e, since fewer iterations and
fewer stiffness matrix updates would generally be required .

Solution Procedure--Convergence_Acceleration

• The overal l solution process consists of a set of load steps, within each of
• which is a set of iterations , each of which is based on the residual loads

corresponding to the iimiediately previous ‘displacement state. This latter
state may result from either an input load step application or an iteration for
a residual load application.

, 

The first si gnificant improvement in convergence

• 
• 

— 

.



I
resulted from performing iteration steps which alternately permitted all struc-
tural freedoms to respond, or, alternatively, permitted only the membrane free-
doms to respond. In this case, the membrane freedoms are those approximately
parallel to the plate or shell surface, as defined by the solution coordinate
systems (Figure 5). The effect of the membrane freedom iteration was to allow
the structure to rel ieve much of the nonl i near strain and stress induced by
the previous bending displacement increment. This nonlinear strain and stress
relief serves tà greatly reduce the magnitudes of the residual loads , with the
result that the following (all freedom) increment will have much smaller bend-
ing displacements , and , hence , much less further nonl inear strain and stress
generation. The purely membrane increment can be thought of in two ways: as
a post-increment correction of the “shape ” error of the previous all-freedom
Increment; and as a plausible physical action , whi ch a plate or shel l structure
would naturally undertake to relieve equilibrium imbalances and achieve a

• reduced potential energy level. These are distinct , but , of course, basically
equivalent interpretations. This solution procedure feature influenced
deformation shape in a primary way, and , through residual load reduction ,
influenced increment magnitude secondarily. Convergence was thereby obtained
for problems which had previously diverged except for very small load increments .

It was found , however, that for some problems the resid ual loads sti l l tended
to be large enough that convergence was not obta ined except for small load
steps. These problems wera generally those with more elements or problems in
which the overall structural stiffness depends strongly on displacement magni-
tude (e.g., the un-prestressed membrane probl em). The basic difficulty was

• felt to be in the magnitude of the displacement increments, and how they
were distributed over the structure.

To improve this aspect of the convergence, a procedure was implemented in
which, in the all-freedom iterations , the amplitude of the increment was
arbitrarily varied over a certain range, say 50% to 150% of the computed value ,
and a state of minimum residual was sought. For this purpose a measure of the
residual based on a root-sum-square over all the residuals was used. The
minimum was sought on the basis of a quadratic fit of the residual-measure
versus the ampl i tude factor. This procedure performed well several times , but 
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in general had the characteristic of extremely slow convergence. The reason
was found to be as follows: the residual-measure for all amplitudes of the
all-freedom increment (say, 50%, 100%, and 150%) generally exceeded the value
of the residual-measure of the previous membrane-only increment, in rough
proportion to the magnitude factor. Thus, a minimum resid ual was not found.
The solution procedure was coded to reset the range of the search, to, say,
25%, 50%, 75%, and repeat the calculation. Generally, the failure to find a
minimum repeated itself. Ultimately, the procedure accepted a very low ampli-
tude factor for the all-freedom increment, and thus failed to make appreciable
progress toward convergence.

The basic cause of these difficul ties was the “shape ” of the all-freedom incre-
ment, specifically the incorrect amplitudes of its membrane as compared to its
bending freedoms. To remedy this , a repeated use of the membrane-only incre-
ment was impl emented as fol lows:

For each amplitude of the all-freedom increment, (say, 50%, 100%, 150%),
residual loads are computed , and , based on these new residuals , a membrane-
only increment is computed and added to the factored all-freedom increment.

Total displacements , residual loads , and the residual-measure are recom-
puted for this “double increment” , and this residual—measure is identified
as belonging to the particular amplitude factor used.

The search for a minimum residual-measure is done using these “hybrid”
residual load states and residual-measures .

The chosen ampl i tude factor is used for a final , fourth-time calculation ,
of the displacement increment and the residual loads. This calculation
also uses a membrane-only substep.

In using this procedure , the single , membrane-only increment is no longer
necessary and it was removed from the solution procedure. The double-search
calculat ions are done for each load increment application as well as for the
residual load iterations.
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This procedure has been successful on all problems to which it has been
applied . It is by no means a fully optimi zed procedure, and it is clearly
primitive and costly. ‘ Nevertheless, it has provided convergence for previ-
ously badly divergent cases. It is felt that the pri ncipal importance of
the procedure is that it verifies that increment “shape” control and ampl itude
control are both requi red, on a per-increment basis , to obtain convergence to

• • a general class of strongly nonlinear problems. This has led to the strong
conviction that some type of stepwise nonlinearity , based on a stiffness
matrix which varies wi thin each increment, is essential to cost-effective
solution procedures for strongly nonlinear finite el ement analysis.

Several other items were found to be necessary for convergence, in addition ‘

to the overall method described above :

The stiffness matrix requires frequent updating, particularly while
relatively large bending displacement increments are occurring. This
greatly improves the quality of the computed increments.

The stiffness matrix updating includes a re-calculation of the geometric
stiffness matrix. In this calculation , the stresses of the previous
converged steps are used until the membrane stress state has recovered
from its initial large , nonlinearity -induced , excursion. The residual-
measure magnitude is used to control this decision process.

The residual measure has been modified to consider only bending direction
- (w , e~. o~) residuals. This was found essential to prevent the search

• 
. 

. (optimization) procedure from optimizing toward zero membrane residuals
• - at the expense of the bending residuals. This did occur, and caused

• convergence toward very small displacement ampl i tudes, in some cases.
1.

The iterative increment is checked numerically to assure that’it does not
exceed the basic increment magni tude of the load step. If it does, it is
scaled overall , prior to the search calculations.
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If • the search calculations do not find a minimum residual-measure , the
appropriate end of the search range is accepted as a satisfactory ampli-
tude factor. Thi s has proven satisfactory, and saves computation time
compared to a complete search range change and re-calculation.

Increment rotation magnitudes are checked , and the increment is prevented
from rotations large enough to violate the incremental small angle
assumption (about 20°).

Solution Procedure--User Input

Because different types of nonl inear probl ems are best handled with somewhat
different calculation sequences and details , certain data can be input by the
user, as controls over the solution process.

The degree of refinement required for converged solution states is an input
item. Too small a tolerance on this value can increase computer costs excessively.

The number of iterations to be performed before the stiffness matrix is
updated is controlled by user input. Thus, for example , a set of values such
as 1 ,2,2,3 specifies that, after the load step appl i cation , the stiffness
matrix is updated immediately. Thereafter, two iterations are performed, the
stiffness is updated , two more iterations are performed, etc.

The total number of permitted stiffness matrix updates is specified by the
user. Since the updates are major computer cost items, this provides user
control over costs ~f solutior s which , for some reason, are converging too
slowly.

The search range for the “doubl e-search” procedure is controlled by user
Input values of the center point and the range on either side over which •
the search for minimum residuals will be performed. Thus, for example,
the values of .80 and .35, respectively, will cause the search for the

~ L
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minimum residual state to take place wi th ampl i tude factors .45, .80, and
1.15. This control is particularly useful for structures which are known
to stiffen or soften markedly as they accumulate deformation.

In order to handle problems with either “following” types of boundary con-
ditions, or with conventional boundary conditions , the user can input par-
ticular fixed a-xes wi th respect to which boundary conditions will be
imposed . These are referred to the global system. Al ternatively, the
solution coordinate system triads, which are convected wi th the deforma-
tion can be used to enforce boundary conditions.

In addition to the above, of course, the user may elect to insert zero load
steps. These steps cause a general cleanup of all coordinate system trans-

• • 
• formations and data updating. This has not been found necessary in the prob-

lems solved to date, with the most recent solution procedure.

Finally, the program has been structured to allow operation in the HMN-mode ,
or as a conventiona l nonlinear program (using the basic AZI and BCIZ elements).
This has permi tted comparisons of HMN and non-HMN element performance.

2.4 A Consistent Transformation for Finite Rotational Freedoms

Wi th isoparametric shell elements of the AZI type (Reference 6), or with corre-
• sponding types of curved beam elements , a general finite element model will

have three translational and three rotational freedoms at each mode. • The
three, rather than two, rotational freedoms at each node are required in order

- ‘ to handle el~ments which intersect at other than 180-degree angles . (Three
rotational freedoms are also required if beam torsional behavior is to be
included.)

The translational freedoms may be transformed between the solution and element-
baseplane coordi nate systems, using a simpl e 3x3 matrix of direction cosines ,
and that transformation may be appl ied exactly to finite incremental or cumula-

tive translations . In the case of finite rotations, however, the resulting
• configuration Is dependent upon the order in which the rotations are performed.
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This order dependence cannot be considered when incremental rotations are
calculated during the usual matrix solution procedure (there the rotations
are considered to be infinitesimal). After a series of such rotation incre-
ments are calcula ted, transformed from solution to baseplane systems, and
sumed to cumula tive val ues, an inconsistency develops relative to the
deformed configuration of adjacent elements . That is , a cumula tive error is
created which is equivalent to the existence of physical gaps (slope discon-
tinuities ) between elements. This inconsistency affects the residual-force
equilibrium computations , so that it cannot be eliminated by the iteration
procedure.

In order to develop a consistent transformation for the rotational freedoms ,
imagine that at each node the fol lowing entities exist.

1) a small , rigid globule of material

2) an arbitrarily defined solution-coordinate-system triad X-Y-Z

3) a unit normal vector N1 for each (Ith) element joined to this node (the
initial orientation of N1 in the undeformed configuration is normal to
the Ith element baseplane)

These three entities are rigidly attached together, so that they translate
and rotate as a single rigid body during successive load increments. Figure
9a illustrates the concept for the simple case of a node where three curved-
beam type elements are joined. The three entities and the adjoining elements
are depicted there in the initial undeformed configuration. Figure 9b shows
one of the elements in a later deformed state, with a new vector N which we
define as being a unit normal to the deformed baseplane. Because N has rotated
with the ri9id material globule at the node, and thi s rotation is in general
different from that of the element baseplane , the vectors N and N are not
parallel . The difference between these two vectors (N-N) will provide a
convenient measure of the element nodal rotations.
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[ Specif icall y, the consistent element rotations are determined according to

the following steps.

1) Given start—of-increment solution coordinate triad XO YO _ ZU at a node.
This triad can be used as the base vectors for expressing other vector
quantities .

• • 2) Perform the matrix solution procedure to obtain nodal ircremental transla-
tions and rotations (expressed in terms of X°-Y°-2° system triad).

3) Using the nodal translations , determine new element baseplane orienta-
t ions and assoc iated norma l vec tors N.

4) Using the nodal incremental rotations, calcula te new end-of- increment
solution coordinate triad X’ -Y’-Z’ at a node. (This calculation is
somewha t ar bitrary due to the order dependence of finite incremental
rotations. However, the new triad will be used consistently for all
elemen ts join ing the node , so that any error introduced will be elimi-
nated by the residual force iteration.

5) Since N is rigidl y attached to the solution triad , it is given in terms
of X ’—Y’-Z’, and can then be transformed to the base vectors X°-Y°—Z°.

6) Cumulative element nodal rotations are then computed from the difference
(s-N), by taking its vector dot product with the element basep lane
coordinate axes.

This procedure allows the calculation of cumulative element nodal rotations,
which have no cumula tive error. That is, they are cons i s tent among al l
elements adjoining the node, so that no slo pe di scont inu i ty effects are
allowed to accumulate.
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2.5 Discussion of Numerical Results

The triangular and quadrilateral HMN elements have been used to solve a large
number of simpl e problems . The early numerical work dealt principally with
the triangular element, and demonstrated that the performance of this element
was satisfactory, both in overall element linear and nonlinear behavior , and
also in regard to the HMN-related behavior. Example #5 of this section

• illustrates this work. It was decided on the basis of this work and early
experience w i th the quadrilateral element that the latter is the better
element of the two by a wide margin. Consequently, the majority of HMN-
element evaluation was done with the quadrilateral. This work is covered by
examples #1 through #4 of this section. The basic difficulty with the HMN-
BCIZ element is believed to be related to a known deficiency of the basic BCIZ
eleme nt , namely, that it fails to maintai n inter-element slope conformity .

The goals of the numerical evaluations are as follows:

To understand the basic behavior of the elements , considering partic u-
larly the infl uences of coordinate systems , the HMN function activity ,
and the effects of initial curvature.

To compare the behavior of the HMN-elements with non-HMN-elenients ,
considering both large and small deflections , and both initially flat
and initially curved elements.

• - To develop sol ution procedure concepts and methods suitable to provide
good convergence properties for problems using HMN-elements.

These goals have been met satisfactorily, and a thorough eval uation of the
elements has been made. It has not been possibl e, however, to demonstrate

• the elements in nonlinear problems of practical importance (e.g., shell
buckling), due to the solution procedure difficulties which were encountered
and also the fact that the computer programs were designed for use with very

• few elements. It has also not been undertaken to verify nonlinear predictions
agai nst available exact solutions , despite the origi nal intention to make
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such checks. Little additional effort would be required at this point , due to
the convergent solution procedures developed , to make such checks for simple
probl ems.

One of the conclusions reached in the evaluations of the HMN-AZI element is
the desirability of a formulation change to a modified type of isoparametric
element having displacements entirely nodally defined , with explicit HMN

• 
• constraints on hi gher degree strain polynomials replaced by potential energy

constraints . The bases of this conclusion are contained in the discussions
of the numerical examples of this section , particularly examp les #2 and #3.

Exampl e 1: Pinched Cylinder

Figure 10 shows a cylindrical shell pinched by line loads 180° apart. To
study this problem , a quarter-circle model using four AZI-HMN elements was
ana lyzed , using the boundary conditions indicated. Both zero and non-zero
valu es of Poisson ’s ratio were used. This problem was a valuable example in
many respects. At the outset, it proved a severe test of solution procedures ,
and led to several improvements in these methods. In addition , the pinched
cylinder probl em has several particularly interesting features for the present
investigation: (1) it is a sensitive indicator of the differences between
shallow shel l theory and deep shell theory; (2) it shows very strong effects
of the action of the HMN freedoms; (3) it illustrates clearly the relationship
between the use of the basepl ane coordinate system and the HMN functions and
constraints ; (4) it illustrates a difficulty inherent in nonlinear plate
bending analysis wi th nonzero Poisson ’s ratio; (5) it affords an opportunity
to consider a case of nonlinearity of purely geometric (negligibl e nonlinear
stra in or s tress effec ts ) or i gin.

The radius of the cylinder is 1” and its width is 0.4”. Two thicknesses were
used: .025” and .100”. Loads from .34# to 67.91/ were applied verticall y at
the upper edge of the quarter-circle structural model , and both ends of the
quarter-circle were restrained against rotation. Deflections at the load up
to .098” were computed. This deflection value is 9.8% of the radius and 3.92
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times the thickness of .025” . At this deflection a noticeabl e softening of
the structure , due to geometry change , has occurred , as compared to deflections
for lower load l evels. The apparent softening is estimated to be 15%, based
on the deflection under the load. The non-IIMN solutions yield deflections
ranging from about 1/3 to 1/4 of the HMN values , depending on the displacement
amplitude . A check of the computed displacements at very small load levels
against the comparable analytical solution for ring bending shows that the
four element array used in this problem is about 5.7% too stiff. This is a
reasonable error for a four element array, using constant curvature elements ,
for a problem of this type. Fi gure 10 shows the deflected shape of the
structure, plotted to scale , and the force-defl ection curve , for the case of
t = .025” .

The stress resultants in this problem are in general quite rapidly varying
• over the 90° arc , and are strongly dependent on the number of elements used ,

the value of Poisson ’s ratio , the shell thickness (R/t), and the type of
shel l theory (deep or shallow) used . This type of complexity was found in
the present study , and also in Reference 7 for the linear case. In general ,
finite element internal stresses cannot be compared directly wi th applied
loadings , except for very small elements. Even in this case, often the stress
resultants are difficult to interpret, except on the basis of some type of
average value over entire elements. The reason for this lies in the fact that
the finite element method achieves equilibrium wi th respect to generalized
loads , which are work-equivalents of the stresses, rather than with respect to
actual boundary val ues of the stresses themselves. In the present probl em ,
evaluation of the stress resultants was therefore made qualitatively. Stress
resultant values were compared for the HMN and non-HMN cases and for deep
versus shallow shel l strain equations (see Section 2.1, Shell Strain Displace-
ment Equations). It was found that the non-HMN stress predictions in all
cases showed large oscillation behavior both wi thin and between elements ,
while the HMN stress results were very smooth and plausible in character over
the entire structure . The membrane stress resultant parallel to the circular
arc was found to be sensitive in both magnitude and distribution to whether
the deep or shallow type of shell equations were used , for the case of the
thick (R/t = 10) shell. The other stress resultants were not infl uenced by the

• 
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choice of strain equations. Most of the stress resultants were strongly and
plaus ib ly affe cte d by Po isson ’s ratio; this Is discussed later in this section .

The extremely strong influence of the HMN free doms and cons tra ints can be
understood quite clearly in this problem. It is recalled that the element
displacement states, referred to the updated element baseplane, are Cartesian.
Cons ider ing an initially curved elemen t, such as those emp loyed in the presen t
exam ple , it is easily seen that ~ fl~ttening of the element, due to bending
displacements only, w i ll cause ~u~reciab1e compressive straining near Its
ends. The compressive strain due to sjch a flattening is given by

~~~~~~~ where w° is the initial cL:~ve of the element , w is the incrementa l
elast ic deforma tion , and x is the baseplane cartesian coordinate along th~
length of the element. The HMN displacements were specifically constructed
to eliminate this type of straining , which has a second degree behavior in x,
and , through the HMN constraint equations , this strain and the corresponding
stress are eliminated . The important thing to note is that t!~ s effect, as
described here, is purely linear. The high degree stra in is d~..e to linear
behavior in the presence of initial el ement curvature , and resul ts from the
use of the Cartesian baseplane coordinate system. The continued deformation
of the element of course causes the development of nonlinear str~ir’s ~‘f the
same type, which are also removed from the deformation state b~’ the HMN
functions and constraints . It might be argued that a change from the cartesian
coordinates to the shell mid-surface curvilinear coordinates would eliminate
the hi gh polynomial degree strains in the linear case, this removing the need
far the HMN functions and constraints. While this is true, of course , it
woul d in turn cause much more serious calculation problems in the nonlinear
case. This is discussed under “Shel l Equations,” and “Coordinate Systems and
Updating ,” in Section 2.1.

Several plate bending probl ems, including the present one, have showed a
nonlinear effect involving bending in the presence of a non-zero Poisson ’s
ratio. Consider a plate or shell element initially -flat in the y—direction,
but either curved or flat in the x-direction. When the element is bent into
an elastic curve in the x-direction , because of Poisson ’s ratio it attempts
to respond by becoming concave in the y-direction on its surface of bending
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tensile stress. This action causes slope changes of the plate or shell ,
given by W)yI which create y-direction nonlinear membrane tensile strains
proportional to (w~~

)2
~ par ticu larl y near the edges of the element. The HMN

elements eliminate these strains through the HMN v-direction membrane displace-
ment functions. The non-HMN elements cannot modify these strains , and the
corresponding stresses, in a similar way, because the basic AZI-element membrane
functions do not provide displacements of suitabl e polynomial degree. Hence,
the non-HMN elements experience a strong, nonli near ly-induced resistance
against the cross-curvature due to Poisson ’s ratio, and respond by severely
limiting the ampl i tude of the y-direction curve of the elements. In the
presen t pro bl em, the HMN element under the load experiences a lateral curve
of amplitude .0012” , while the non-HMN element amplitude is .00028, for the
case of the 67.91/ load and the .025” thickness. Due to the lateral curve,
the x-direction membrane stress for the WIN element is significantly affected
due to the resulting geometry change. Near the load , the edges of the elements
tend to - move towar d the cen ter of the arc as a resul t of the Po i sson ’s ratio-
induced lateral curvature . This causes a rather large x-direction compression
stress near the element edges , and a large tens ion stress near the cen tra l
portion of the element. This behavior is undetectable for the non-HMN case,
for two reasons: the la teral curv ature is negl ig ible; the x-direction membrane
stress is ver y bad ly behaved because of the lack of the HMN function action
to handle the initial curvature-induced stresses (see discussion above).

Referen ce 7 s hows a stron g dependence of numer ical resul ts for this pro blem,
for R/t = 10 and v = 0, between finite element solutions based on deep shell
and shallow shel l equations . This effect was evaluated wi th the present
element , also for R/t = 10 and v = 0. The results indicated that the deflec-

• tions and all stress resultants except the circumferential membrane stress
are only slightly affected by the inclusion or omission in the strain-

• displacement equations of the terms such as w°,x1u~x 
an d w,,~•u,,, in the

• circumferential bending curvature. Moreover, the bending displacements in
both cases check closely with the exact solution (linear). In the present

formulation , base d on car tes ian di s placement def ini tions , including or omi tting
these types of terms i s the only way In which shallow or deep shell types of
theories can be simulated . It i s conclu ded that , for the type of s train
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displacement equations used in this research, the usual errors ass oc iated
with shallow theory do not occur to any noticeable extent. This appears to
be due to the fact that, for the car tesi an d i s p lacemen ts used , the usual
approximations of the shallow shel l type no longer cause any significant
approximation in the equations for the curvatures and the twist. It was
noted that the circumferential stress resultant was quite strongly affected
by the change of equations. This may or may not be significant, however ,
because this particular resultant is not well predicted for the coarse
finite element model used , and is extremely sensitive to the shell equations •

used in a way which is dependent on element size (Reference 7).

Example 2: Cantilever Plate wi th Initia l Curvature

• Figure 11 shows the probl em under consideration. This is the interesting
“carpenters tape” problem , in which nonlinearity occurs because of flattening

• of the cross-section . Many related problems are of importance in structural
analysis. This structure acts initially as a simp le cantilever beam. For
either up-loads or down-loads , the edges of the beam tend to deflect in such
a way as to flatten the initial lateral curve of the cross-section , thereby
reducing its effective bending moment of inertia • and causing loss of stiffness.

-
• 

The reasons for solving the problem in the present work were: to determine
whether the HMN functions would act (as they should) to facilitate the flat-
tening of the section , which for the non-HMN case should be greatly attenuated;
to study the HMN-element behavior for a case of initial curvature transverse
to the princi pal loading direction. This probl em illustrated several very

• interesting facets of the behavior of HMN elements.

Overall , the solutions obtained showed noticeable loss of stiffness , due to
cross-sectional flattening, for the HMN-element cases, and a sl ig ht tendenc y
for stiffening wi th the non-HMN element. The cross-section showed the expected
flattening for the HMN-element cases and also for the non-HMN element for the
up-load case only. For the down load cases, the non-HMN element showed a
reverse-flattening , i.e., an increased “ cupping ” of the section. The nonlinear
effec ts were small at the load levels s tud ied, and the HMN and non-HMN results
were com para ble in overall s ti ffness. Fl atten ing of the se cti on reac hed



I
about 10% of the initial curved shape, and end deflections reached abou t
.36”, which is about 22% of the span. This deflection is much greater than
either the thickness or the initial out-of-flatness of the section.

The f latten ing behav ior com puted w ith the HMN elemen ts was well behaved and
completely plausible. The somewhat greater stiffness and reduced flattening
for the up-load case is consistent with the easily observed behavior of a

• car penter ’s tape subjected to upward and downward directions of loading.
This behavior is also consistent with the general effect of cross-curvature
induced by Po isson ’s ratio , and may possibly be related to this effect. The
ability of the HMN-elements to flatten is due directly to the action of the
WIN functions , since it is through these functions that the development of
large, y-direction membrane strains , due to the flattening, i s avo ided .

The anomolous flattening action of the non-HMN elements is caused by a very
interesting and unexpected behavior. Due to the overall bending loading in
the case of an upward load , the cross-section experiences tensile stress at
the edges and com press i ve stress at the crown . The reverse occurs for a
downward load. Considering first the downward load , it is seen that Poisson ’s
ratio will tend to create compressive y-direction stresses near the edges of
the element and tensile stresses near the crown. This y-direction stress is
roughly quadratic in the y-coordinate. At this point a significant charac-
teristic of the AZI element , and of many multi -mode finite elements , is noted:
the element has no facility at all , within linear theory, to rid itself of
these particular Poisson ’s ratio-induced stresses, because of the charac ter of
its available displacement functions. In the present case, however , where
nonl inear stra i ns are inc l uded, the element can can rid itself of these
stresses almost completely. The means of doing this is by “cupping ”
the section to an increased lateral curvature. This action produces , through
the terms W°~y

W~y 
in the y-direction membrane strain , a tensioning of the

outer edge zone , and , in conjunction with the basic element v displace-
• - ments , a com press ion in the crown regi on. Thi s ac tion tends to reduce

the potential energy. Thus , for the case of downward loading , the section
becomes more la terally curved , and the overall structural behavior becomes somewhat
s ti ffer. Of course , the well known tendency of the section to flatten (because
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of equilibrium effects) is present in the non-HMN as wel l as the HMN-element.
It simply occurs in the present case that the above-described behavior due to
the Poisson ’s ratio effect dominates the behavior. The flattening tendency
is driven by rela tivel y small force s , and cannot compete with the very dominant
effects associated with the membrane energy.

For the upward load case, the non-HMN element must flatten its section to
conform to the Po i sson ’s-ratio-related behavior as discussed above. In this
case the Po isson ’s—ra tio-induced behavior reinforces the natural tendency of
the section to flatten. The data (Figure 11) show, how ever , that, while the
section does flatten in this case, it does so only to about the same degree
that the “cupping ” occurred for the downwar d loa d case. Thi s behav ior appears
sur prisin g, but is easily explained. The explanation is again in the dominant
effect of the membrane energy. The lateral bending of the section has been

• 

• seen to- create large y-direction membrane strains, and thus affects the
membrane ener gy directly. For the non-WIN case, whi ch canno t rel ieve these
membrane s tresses and stra ins , the equilibrium -driven flattening tendency (at
small loads) is simply not strong enough to overcome the inherent , membr ane
strain-induced stiffness against lateral bending (flattening). Thus, the
non-HMN element solution shows a flattening or cupping of the section which
is totally dominated by, and essen tial ly serv es to exactl y balance , the
Poisson ’s ratio—induced y—direction stresses. As observed , the effect is
essentially exactly reversed for the upload and download cases. For the HMN-
elemen t, however , the lateral bending is only resisted by the small plate
bending stiffness, because the HMN functions el iminate any y-direction membrane
stress partici pation. Thus, the HMN el ements show sec tion fla tten ing in
direct response to the normal flattening tendency, as driven by the equations
of equilibrium in the deformed structural shape.

One final observation concerning the HMN-el ement results for this probl em is
- -. noted. The Poisson ’s ratio-induced y-direction membrane stresses due to the
• 

- 
in it ial bend i ng stres s di strubu tion , seen to dominate the non-HMN element
behav ior , gives rise to absolutely no response in the HMN-element. The
element does not have any first-order ability within its basic functions to
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rid itself of these stresses, because of the s imp le forms of the ava i lable v
displacement functions (nor does the non-HMN element). It cannot use the HMN
functions either , becaus e the HMN con s tra ints , wh ich are the onl y means of
activating the WIN functions , respond to strain only, and not to stress.
Finally, it cannot rid itself of these stresses through lateral curvature, as
the non-HMN elements do , because the 1-1MM constraints prevent the development
of y-direction deformations in this case (of course, this particular behavior
is very undesirabl e anyway). The conclusion which results from this discussion
is that the WIN element conceptual basis should be extended to apply to high
polynomial degree stresses as wel l as strains. In effect, this would require
coninitting the entire HMN process to the control of the potential energy
theorem.

Example 3: Cantilever Plate wi th End Restraint

Figure 12 shows the probl em under consideration. This structure is highly
nonlinear due to the effect of the displacement constraint at the right end.
Its deflection magnitudes are controlled almost entirely by the large tension
stresses induced by this constraint , which are distributed almost uniformly
over the span. The HMN and non-HMN elements produce virtually identical
resul ts under these ci rcums tanc es (abou t 1% differenc e). The problem was
solved primarily as a test of the solution procedure. In order to obtain
conver gence in thi s cas e, it is necessary to avoid , or otherwise attenuate
the effect of, the extremely large residual loads which result from the initial
steps of the solution , during which the stiffening effect due to the end
condition is not present in the stiffness matrix. The present solution
procedure (Section 2.3) handles this by looking at a range of amplitudes of
the initial solution step displacements. A state of minimum residual is
sought within this range to determine the optimal ampl i tude. In the present
case , a minimum does not occur within the search range, and its lower limit
amplitude i~ selected. The second step proceeds similarly. Because of the
rapid change of stiffness with deflection , the stiffness matrix is updated
frequently. This type of solution procedure avoids the requirement that the
user set intelligently chosen amplitude factors for the attenuation of the
residual load i terative procedure. It also avoids divergence even wi th
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relatively large load steps. Prior to implementation of the optimum-amplitude
search-type procedure, solu tion attempts diverged for this problem.

The f igure shows a plo t of the deflected sha pe of the edge of the pla te. The
• centerl ine deflections are slightly different due to the .3 value for Poisson ’s

ratio. The initial linear steps had an end deflection of .155” for zero
Po i sson ’s ratio and .148 for .v .3. The linear theory end deflection for
zero Po i sson ’s ratio is .157”. The straight-line character of the deflection
shape for the outer two elements is a result of the nonlinearity -induced
tensile stresses. The nonlinear solution gives about 20% of the linear
solution value of the end defl ection , at maximum load.

Example 4: Twisting of a Square Plate Fixed on One Side

Figure 13 illustrates the probl em, which was solved with both a single element
and with four elements , as indicated. For the -four element model the applied
loads are distributed over the end such that the deflections there are linear
in y. The applied torque is 250 inch-pounds. The character of this probl em
is dominated by the use of the total fixity condition at the supported edge.
The problem is significantly nonlinear , with the initial step, li near solu tion
maximum deflections exceeding the final converged deflections in the ratios
of 1.65 for the single element and 1.87 for the four element case. The
membrane stresses are (an d shoul d be) quite lar ge for this problem , and are
important influences on the torsion-bending behavior. Because of the fixed
edge and the fact that the structure would “prefer” to adopt a deformation
sta te of cons tant, pure twist, rather than the torsion-bending state demanded
by the edge constraint, the sing le element model is much too stiff in the
linear case. The l inear f i rs t step s ingle element max imum di splacemen t i s
.161” , while for the four element model the value is .224”. The deflection
data are tabulated on the figure.

For the case of the fixed edge, thi s prob l em i s one in wh ich the HMN elemen ts
as formulated in this research demonstrate unacceptabl e behavior. The diffi-
cul ty is in the x—direction variation of the y—direction direct strain , cy.
This particular behavior (cy vs. x) is not considered by the 1-iNN constraints

Ii or the HMN suppl ementary displacement functions. The slope w,~, is a second
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degree function of x because of the fixed edge. Thus, the nonlinear behavior
generates a fourth degree function of x in the strain cy. No displacement
opt ions are ava i lable to coun teract th i s s tra in, which remains in the deforma-
tion state as a source of excessive energy and, hence, excessive stiffness.
Sol utions of this pro bl em with bot h the s ingle and four elemen t models show
that the stress varies as a high degree (4th) function of x. Since this
occurs for both the v = 0 and v = .3 cases, i t i s cl earl y cause d by slo pe w ,~, and

• the inability of the present FINN formulation to deal with the probl em in a
successful manner . The largest o~, va l ues occur at the loa ded end of the
pla te, of course , because the lateral slope is largest there.

The f igure shows a “car pet” plot of the variation of vs y on five x=constant
lines on the plate. Both the single element and four element cases are
shown. For the single element model , for which v = O~ is constant in y, and

4 the implied cross-plots would show os,, to be quartic in x. For the four
elemen t mode l , for which v = .3, the effect of Poisson ’s ratio is to cause
to be quadratic in y over each individual element. The distri bution is
syninetric about the x-centerline , but a smal l discontinuity in Gy occurs
between the elements which join each other at x = .5. Again , the implied
cross-plot variation of c~ with x i s quartic. The four elem ent model shows
com parab le values to the s ingle elemen t model overa ll , but has considerably
larger values at the loaded end. The cause of these larger stresses lies
partly in the added twist angle of the four element model (about 23%), and
partly in the rather sharply peaked distri bution of wi th y. The latter is
pro bably due to the ef fect of Po i sson ’s ratio.

The figure indicates the regions of tension and compression ~~ In bo th
models this stress is compressive over the central region (O<X<l; .25<y< .75)
and tensile over the edge regions (O<X<l ; o<y<.25; .75<y<l). The cause of

• 
L • this behavior is of course the tendency of the edge zones to foreshorten, due

- ~~ - to their slope, which tendency is resisted by the central zone of the -

plate. This gives rise to a rather large level of membrane shear stress
as well. The single element and four element models have roughly comparable
maximum values of the x-dlrection direct stress resultant and the shear
stress resul tant, as follows: four element model , N

~ 
= 21300, N

~ 
= -8000,

Ji .  
-
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Nxy 
= 5800; single element model , N

~ 
= 7300, N

~ 
= -5000, Nxy = 8300. The

lar ger values of N
~ 

for the finer model reflect its ability to adequately
represent the x-direction distribution of the stress; the N

~ 
versus x plo t

shows a maximum at x = .5.

The 11MM functions have the potential to cause inter-element incompatibility
of the x-direction displacement between the joining elements at x = .5. The
data were checked for the finer model , and this incompatibility was found to
be present, though small. This results from the strong twisting action of
this probl em, resulting in large , nonlinear membrane shear stresses. This is
considered to be an unsatisfactory behavior on the part of the FINN elements
in their present formulation.

The conclusions reached from this analysis of nonlinear torsion-bending are:
the 11MM formulation must deal with the nonlinear strains ~~ cs,, and Cxy as
a cou ple d se t, no one of which can be optimized in any way independent of the
others; the possibility of inter-element i ncompatibility should be eliminated
by controlling the FINN displacements by nodal freedoms. These conclusions
point toward a formulation in which the FINN theory is based on potential
energy constraints only, and manipulates displacements which are entirely
nodal ly con trolle d .

Example 5: BCIZ-HMN Cantilever Beam

Figure 14 shows a three element cantilever beam bent by end loads. The
Initial probl em solutions with this model used z-direction concentrated
loadings at nodes 4 and 5. The results for this loading showed the beam to
be about 20% too stiff, and also yielded a free end moment of 45% of the
fixed ended moment, within the outer pair of elements. The net end moment at

• 
- the free end was zero , of course , as the resul t of the com bi ned ac tion of all

three elements. The residual x-direction stresses along the outer edges of
t he elemen t wer e pro port ional to the square of the load (hence rela ted to
nonl inear behavior), about 1% of the potential nonlinear stress, and of
quadra tic var iation alon g the edge , rather than the expected linear variation.
These results indicate that though the HMN procedure is functioning correctly, some
unexpected nonlinear effect is preventing the basic BCIZ membrane functions

— 43

_ _ _ _



from el iminating the nonlinear x-direction stresses. It was concluded that,
probably due to the BCIZ element’s characteristic of permi tting inter-element
slope incompatibilities , the minimum energy state of the element actually
retains small membrane stress l evels. More important , the 20% stiffness
error and the erroneous bending moment distribution were judged unacceptable ,
even for the coarse idealization empl oyed, because these elements use cubic
displacement functions , and should have been very accurate for this problem.
Therefore , this problem was investigated further under different loadings , as
indicated in Figure 14. The l oadings are, respectively, conc entrated nodal
momen ts , generalized loadings based on a distributed edge moment along edge
4-5, and loadings deduced directly from the element stiffness matrices to
obtain a constant curvature state. The numerical results obtained , as given
in the figures , show the model to be accurate within 1% for the nodal moment
case , to be about 20% soft for the generalized (work-equivalent) loading, and
to be about 6~ soft for the loading derived from the stiffness matrices.
These percentages are based on “proportional” loading , and refer to the
magni tudes of the moment loadings themselves. The accuracy obtained for the
pure nodal moment case is excel l ent, but of questionable meaning. That
obtained in the generalized load case is clearly unacceptable. The 6% error
for the constant curvature case is especially surprising, since the elements
shoul d have responded to this deformation in an exact way. It is noted that
the residual stresses are identically zero for this case. In the case of a
structure incorporating many of these elements, it is difficult to say what
sort of accuracy would be obtained. For constant curvature , the BCIZ elements
should not exhibit inter-el ement slope incompatibilities. It is concluded
that further investi gation along these lines would be required , before the
value of the BCIZ element as a basis for a stability element could be estab—
lished . Because of the stror~g coupling between the HMN freedoms and the
slo pes , the lack of slo pe con tinu ity inheren t w ith the BCIZ elem ent may be a
serious difficul ty. These difficulties caused the BCIZ-HMN element to be
dropped from the present research, in favor of the AZI-HMN element.
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2.6 Al ternatives to the 11MM-Element Approach

This section attempts to discuss alternative methods which may provide equiva-
lent gains to those obtained with the HMN approach , in application to strongly
nonlinear problems . The discussion derives from basic reasoning concerning the
goals and difficulties of solving nonlinear problems , and not from direct
comparative numerical evaluations , except for the specific AZI-element based
HMN versus non-HMN comparisons of the previous section. Thus , no claim of
compl eteness is made here. In addition , the matter of HMN-el ement performance
of initially curved elements in linear analysis , which was discussed in Sections
2.1 and 2.5, is not specificall y addressed again here. However, most of the
conclusions drawn herein for nonlinear analysis are also applicabl e to the
linear analysis of initially curved elements , for element types whose formula-
tions are specifically tailored for nonlinear problems.

The accurate and cost-effective finite element sol ution of nonlinear probl ems
would appear to depend on such factors as the fol l owing:

1) ease of discretization and reasonable control of probl em size (degrees of
freedom)--the use of reasonably large and reasonably uniform sizes of
elements -

2) avoidance of excessive computer run times and costs, as regards element-
related calculations (stiffness matrices , decompositions , res idual loa ds )

• 3) rel iable and reasonably fast convergence of residual load iterations--the
ability to use relatively large load steps

4) avoidance of the likel ihood of an aborted solution or a solution which has
• 

- 
converged to an incorrect result

The HMN procedure was aimed principally at item 1); i.e., i t i s des i gned to
solve l inear and nonlinear problems wi th equal accuracy for the same element
sizes. At this point it cannot be concluded whether it is particularly advan—

ta9eous as regards items 2) and 3). It does well with respect to item 4),

I
’ 

• 

-
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converging to correct results in cases where non-FiNN elements of the same size
and basic formulation do not.

It appears that all of the technical gains of the HMN elements can be obtained
with conventional elements by simply using smaller element sizes in a fully
nonlinear solution. This is a very attractive alternative (although admittedly
most currently available conventional elements do not retain full nonlinearity
of strains), and one which probably would not i ncrease computer costs exces-
sively -for most problems . For very large probl ems, howev er , the rapidly increas-
ing cost of decomposition of the structural stiffness matri x, as the number of
elements is increased , would become a serious problem. Perhaps the most serious
objection to this approach is that the analyst’ s task is made considerably more
difficult in this case. The necessary element sizes are not easy to guess
before the first numerical solutions are obtained , and it will be true in many
probl ems that markedly different sizes of elements will be required in different
area s of a struc ture, due solely to the local degree of nonlinearity of behavior.
For the HMN elements , on the other hand , the analyst is free to use the same
discretization which would be suitable for linear probl ems. In addition , once
a solution has been obtained with small , full y nonlinear , conventional elements ,
the question of whether a significant nonlinearity-induced error has occurred
would have to be addressed. A direct approach to answering this question would
be to compare the membrane strain magnitudes caused by the linear and the
nonl i near deformations. This is not always a satisfactory approach , however.
The difficulty is that the conventional elements are constrained (by the global
equations and the residual loads) such that they underestimate the bending
curva tures , particularly in zones of significant nonlinearity . Thus, the true
magnitudes of the nonlinear strains may be considerably larger than the apparent
values given by the solution obtained. Based on these considerations , it would
appear that, overall , the HMN type of element has a significant advantage over
the use of smaller conventional elements, in most probl ems.

Another possible approach involves limiting the types of terms which are included
In the calculation of nonlinear strains. For example, in the case of an element
which retains linearly varying membrane displacements , the computation of
nonl i near strains might consider only the average bending slopes of the element

1
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-in the calculation of the direct strains. A comparable assumption would be
made for the membrane shear strain. By this means the nonlinear strains are
kept to the same functional -forms as the linear strains , and hence excessively
stiff behavior is not caused specifically by higher degree strain polynomials
due to the nonlinearity . This particular approach has a technical drawback ,
however: the elements will not respond to the tendency of tensile stresses to
straighten an el ement, or of curva ture increases to sh orten an element (or the
reverse for conipression , curvature decrease). This drawback limits these
elements to use in small element sizes for nonlinear problems . Since the type
of error involved here acts directly on the hi gh energy overal l tension!
compression/shear membrane stress state of the element , rather than on only a
higher degree polynomial component of these stresses, it would appear to have the
potential for causing serious errors in equilibrium. It is noted that taking
thi s type of liberty with the strain equations necessarily affects the coupling

• between nonl i near membrane direct strain and shear- strain. If this
approach were used for an element such as the AZI element , in which the membrane
displacements have a second degree polynomial capability, and hence a first
degree membrane stress capability (second degree for shear), there is not avail-
able an efficient truncation of the bending slope polynomial. Use of the
average slope only would appear to be an overly severe approximation , but
retention of the linear term in the slope already exceeds the basic element
membrane strain polynomial capability. Thus , this basic approach to handling
nonlinear behavior would appear to be most efficient in application to the
simplest type of element as regards membrane displacement--that in which the
membrane displacements are linear functions. Such elements , howev er , are

• usually not accurate for either linear or nonlinear analysis of curved shell
elements except in very small element sizes. This is because, for curved
shells , generally membrane displacement behavior is as rapidly varying as
bending behavior , except in local edge-bending zones. In addition , without the

• use of compe tent membrane func tions , there is often difficulty in providing
• finite elements with strain-free rigid body motions , espec ially for large

deflection analysis. -

A similar approach to the above would be one in which the fully nonlinear
strain is computed , but the result is filtered in some way, retaining only
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. .lower (basic element) degree polynomials for stiffness matrix and residual load
calcula tion. We are not aware of such an approach being used , and it is diffi-
cult to guess what sort of performance it would provide. It would appear that
the method has a basic flaw in that the membrane strain state and the bending
slope state do not properly correspond to each other. Thus , bending displace-
ments might be incorrectly predicted , because their membrane (high energy)
consequences are not fully accounted for. This is much the same sort.of objec-
tion as the arguments given above against the use of average slopes only in the
nonl inear strain equations.

It would be possible to use a very complex element as regards all types of
freedoms. Thus , for example , an isoparametric element with 5 nodes per side
might be used. This would provide adequate membrane strain capability to
handle nonlinear stra i ns caused by bending slopes corresponding to a constant
curvature state. Of course , the possibility of very high degree nonlinear
strains exists in this case, because of the high degree bending displacements
employed . The constant curvature terms are dominant , however. It would be
possible to use relatively large elements of this type in nonlinear probl em
solu ti ons , with results comparable to those obtained with the HMN type of
element. This appears to be a superior approach , and is similar to the recom-
mended approach arrived at on the basis of the present research.

All of the above possibilities relate to problem solutions in which nonlinear
strains are computed , and the resulting nonlinear stresses affect the residual
loads and stiffness matrices of the elements . There are also methods which
perform stepwise solutions in which nonlinear effects are totally ignored , so
far as explicit calculation is concerned. These methods always use a “geometric ”
stiffness matrix to represent the effort of structural shape change on the
equilibrium equations. This is probably the most common type of method employed
for solving nonlinear problems in current finite element programs . The method
coninonly takes two forms: in one case, no iteration is done , and the structural
geometry is updated , forming elements of new shapes , at the end of each step;

• in the other case a single step is done and i terated , with the iteration based
not on residual- loads but on re-forming the “geometric ” stiffness matrix to
reflect end-of-step values of the stresses. In the first case, nonlinearity is
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1 1 handled implicitly by the updating of the shapes of the elements However, the
nonl inearity which occurs during a step is not included because residuals are
not evaluated . This approach is known to yield probl em solutions which deviate
increasingly and significantly from correct solutions , even if very smal l steps
are used . In the second method , no nonl inearity is considered at all. At the
completion of a single stepwise calculation , the end-of-step stress state is
used to evaluate an updated stiffness matrix , and the stepwise calculation is
repeated. The end-of-step stresses are computed using linear theory. This
method obtains a correct solution only if nonlinear strain effects are negligible.
It would be possibl e to combine the methods, obtaining a procedure which should
deviate more slowly from the exact solution that the above-described conven-
tional stepwise method. In developing such a method for nonlinear problems , it
would be necessary to deal carefully with the interpretation of the relationship
between element stresses and forces , due to changing element shapes. This
would prove somewhat complex , and it would appear that recourse to a fully
nonlinear approach might be nearly as easy to develop. Nevertheless , this type
of quasi—nonlinear analysis may have merit in some types of probl ems.
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3.0 SUMMARY AND CONCLUSIONS

This report concludes a study of finite element analysis of plate and shell
probl ems wi th strong geometric nonlinearities. The specific area of study is
the infl uence of the nonlinear strains , which generally are of complex distribu-
tions over the el ements , on element stiffnesses and accuracy of problem solu-
tions. The means of investigation was through newly developed special types of
finite elements , in which the conventional displacement functions are supple-
mented by added membrane displacements of higher order forms. The added func-
tions are used to modify the nonl inea r membrane strains in order to obtain the
simple strain distributions characteristic of linear analysis. A combination
of constraints is used to accomplish this. They include explicit constraints
which set to zero the higher order pol ynomial functions in the nonlinear strains.
Conventional potential energy-based constraints are also used. All constraints
are done at the elemental level .

In order to impl ement the elements , solution procedures were developed , based
on a Lagrangian formulation , in which element-fol lowi ng , updated coordinate
systems are used to al low total strain to be computed without incrementation.
The sol ution procedure uses linearized stepping plus iteration , with added
features which account for in-step nonlinear behavior.

Evaluation of the special nonlinear elements was made through comparative
solutions obtained wi th these elements and with conventional elements of the
same basic formulation , all using the same sol ution procedure . This work has
led to the conclusions outlined in the following paragraphs.

For strongly nonl inear problems , and also for linear problems with initially
curved elements , the special elements perform much better than conventional
elements when relatively large element sizes are used. The error characteristic
of the conventional el ements is excess ive sti ffness , amount ing to a factor of
two to four in some of the prob lems solv ed. The conven tional and spec ial

I 
- 

elements become essentially equivalent in performance for sufficiently small

element sizes .

I
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For nonli near analys i s in wh i ch a fully nonl i near strain representation is
included , the use of linearized steps generall y yields displacement increments
of incorrect ‘1 shape ,” in the sense that the relative membrane and bending
displacements are incorrectly proportioned. In addition , for many probl ems,
the error in displacement “shape ° and the use of stepwise linearity causes the
displacement increments to be of incorrect amplitude overall. These effects
result in excessive residual loads and difficulty in convergence of the itera-
tion process. This research has demonstrated the beneficial effects of includ-
ing in—step nonlinearity by means of calculations made with a special solution

procedure which approximates the in-step nonl inearity . It is recommended that
a stepw is e nonlinear approac h suc h as the static pertur bat ion procedure be use d
with the special types of nonlinear elements under study in this research.

The use of a stepping procedure which combines updating of element baseplane
coordinate systems, total Lagrangian strain calculation , and locall y car tes ian
displacement reference systems is particularly convenient and accurate for

• nonl inear ana lysi s of shells.

The special nonlinear element formulation used in this research requires modifi-
cation in order to achieve general applicability. The explicit constraint of
higher order stra in polynomials is not a sat isfactory approac h, beca use it
i nterferes wi th the proper coupling between the three membrane strains. It is
recommended that the formulat ion be modified , for isoparametric elements , as
foll ows : (1) the supplementary high order membrane displacement funct ions

should be controlled by nodal freedoms, employing additional nodes for this
purpose; (2) the added nodes need not , and probably should not, be used for
added bending freedoms ; (3) all constraints relative to the suppl ementary
functions should be enforced global l y, based on conventional potential energy

• p rinciples. A formulation of this type would be simpler to develop and impl e-

ment than the one used in the present research , and would provide all of the
benefits demonstrated for the spec ial nonl inear elements here in.
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